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Coupled Force and Moment Parameter
Estimation for Aircraft

Yongseung Cho* and M. G. Nagatif
Wichita State University, Wichita, Kansas 67260-0044

This paper presents the full application of the multipoint aerodynamic model for parameter estimation
in high-angle-of-attack and high-angular-rate flight regimes. This model is intended for use in simulation
and control design, and for the study of aerodynamic force distributions on the surfaces of an aircraft.
The estimation technique used to illustrate the approach is simple regression with the equation error
approach. The multipoint model comprises a set of new parameters describing the aerodynamic force
distribution along individual surface components of the aircraft. The aim of this study is to demonstrate
that this model allows coupling among the three force and three moment components, which is accounted
for in the model. This means that the parameters associated with the six-component equations are thus
treated simultaneously. Another advantage of this approach is that the model allows each individual force-
generating surface element of the aircraft to contribute independently to the total force and moment,
rather than some average of these contributions relative to the c.m. The method is applied to measure-
ments from spin flight test data conducted with a light general aviation aircraft. The results indicate that
the method is capable of reproducing, with reasonable accuracy, the force and moment measurements
obtained from a flight other than the one used in the parameter estimation.

Nomenclature
b = span
C = nondimensional aerodynamic coefficient or stability
derivative
C; = force parameter or coefficient
d = distance
F = generic force component
F = force vector
h, k = factors depending on the kinematic state at time #
L = rolling moment
M = generic moment component or pitching moment
N = yawing moment or normal component
P, p = roll rate, nondimensional roll rate
Q, g = pitch rate, nondimensional pitch rate
q = dynamic pressure
R, r = yaw rate, nondimensional yaw rate
S = area of an aircraft element
u = control vector
Vv = airspeed
X = force component along x axis
X = moment arm in the x-axis direction
X = state vector
Y = force component along y axis
y = moment arm in the y-axis direction
z = force component along z axis
z = moment arm in the z-axis direction
a = angle of attack
B = sideslip angle
84 = aileron deflection
dr = elevator deflection
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Or = rudder deflection
8, = thrust setting, rpm
mn = spanwise parameter

Introduction

STABLISHED parameter estimation methods are being

used successfully to determine the aerodynamic charac-
teristics of an aircraft configuration from flight test measure-
ments. These measurements consist of the usual motion vari-
ables, namely the components, in a set of body-fixed axes, of
the linear and angular velocities. The former are equivalently
available as velocity magnitude, angles of attack, and sideslip.
Along with these, linear accelerometer readings and manipu-
lations of the angular data are converted into aerodynamic
force and moment components along the body axes. Two fun-
damental methods are employed to estimate the desired aero-
dynamic parameters. The equation error method uses a pos-
tulated model for these forces and moments, i.e., the assumed
functional form for their dependence on the motion variables
that generate them, and seeks the estimates of the unknown
coefficients in the postulated model, by minimizing the error
between the measurement and the corresponding value calcu-
lated on the basis of the estimate (regression analysis). The
output error method numerically solves the equations of mo-
tion based on these estimates, and compares the resulting com-
puted state to the measured one.

Current usage of these methods' deals with the coefficients
representing the aerodynamics of the aircraft as a whole. This
seems to work well for flight regimes moderately nonlinear in
nature, but fails to provide general and robust results for the
aerodynamics of maneuvers such as the spin, which is highly
nonlinear, because of the large angles of attack and angular
rates. During such motions, the behavior of one surface ele-
ment can be radically different from that of another. In the
current usage, these forces are lumped at the c.m. into one
force, their sum, and hence one cannot expect that the regres-
sion could predict the behavior for one spin with data collected
from another. The resulting model is tailored to the specific
data used for its computation, thus requiring data partitioning
into ranges of the independent variables.

The multipoint model seems to address this problem. In
Refs. 2-5, this fact was demonstrated with a partial application
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of the method using simplified models. The work presented
here is a more complete application of this modeling concept.

Description of the Aerodynamic Models

Conventional Model

The aerodynamic model used currently for parameter esti-
mation is composed of equations for the forces and moments
as functions of a specified set of state variables and controls.
These equations have unknown parameters often in the form
of partial derivatives to the state variables and controls. These
are the parameters to be estimated.

The state vector comprises the airspeed, angles of attack and
sideslip defined at the c.m., and the components of angular
velocity. The control vector contains the control surface de-
flections and the thrust

x={V,a, B, P, Q, R}

(1
u = {3, Sz Og 87'}7-

A functional relationship is stipulated. The rolling moment,
for example, might be assumed to obey the following rela-
tionship:

L=L(@, P, R, 3, 8z (2)

which can be expanded in a Taylor’s series about some steady-
state or reference condition x, o, and truncated at a suitable order

oL oL oL
L =L + — AR + — AP + — AR
(x, u) = L(xo, uo) P B P R

B
oL oL 1 0°L
+ == A3, + —— Adp + == (AB)®
3%, 1 9%, 2382(8)
1 0°L
+ =—= (AP + - - - 3
2apz( ) (3)

Multipoint Model

The model used for the present work is based on strip theory.
Because of the angular velocity, the dynamic pressure is a
function of position on the surface of the aircraft. If m is in-
troduced, upon which the local dynamic pressure and the an-
gles of attack and sideslip are dependent, then x in Eq. (1) can
be replaced by their derivatives with respect to m as shown in
the following text.

Force equation: because

F=f F(m) d”fl=f Gn)C(m)c(n) dn

where

. . dg d’q , dc 1d°C ,
=d+—m+=-— Cn)=C+—m+-—
qm)=q dn”fl Zdnz”ﬂ, (m) dn”fl 2 dnzn

+ ---, and c¢(m) =7, assumed to be constant

Because
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b
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i

le]c_ dn

Tl2
1 [dC d°a d°C (da
===+ —=|—
2 |da dn da” \dn
define
R 7] do dc 5 1 d’«
o8¢ =—, da = —, dC =—, % = —
7= 1 ™ da “T 2
1d°%g 1 d°C
¥G==—5  dC==
2 dn? 2 do’
then
Fm)=1[G + 8Gm + 8G-m°]-[C + dC-da-7
+ dC-8a-m” + d°C-Ba) n7) ¢ 4)

Assuming C to be related to the local angle of attack according
to Eq. (4), then

Cla) =C, + Coa + C30° + C,o® + Csa*
Substituting in Eq. (4) and rearranging
F(m) =[ao + ai'm + a2-~r|2 + a3-~r|3 + a4-~r|4]-c' 5)
where
ap=Ci*g+ Corgro+ Cs3+G-a” + Csrg-a’ + Cs-G-a*
a;=C-dq + Co-{G-da + dG-a}
+ C5-{2G8a-a + 8§ o’} + C4{3G-da-a” + 8G-a’)
+ Cs-{4G 8-’ + 8-’}
a,=C,-8G + Co- {G-&a + 8°G-o + 8- dar}
Cy-{2G-8a-a + 8%G-0o® + 28G-da a0 + G- (da)?}
C, {3G-8a-a” + 8G o + 385 da- o
3G- () a}
Cs {4G-8%a-a” + 8°G ot + 48§ 8o’
67 (30)* o’}
as= C, {8G-8a + 8°G-da}
C;-{28G 8% o + 28%G-da- a0 + dg-(da)’}
C,{38G -8 o’ + 38°G o o + 385 (Bo)* - o}
Cs+ {48G-8%a-a’ + 48°G-da- o + 685 (Ba)* o’}
a,= Cr8°G 80 + C3+{28°G-8%a a0 + 8%+ (daw)*}
C, {38°G -8 -a” + 38°G-(Bo)* - o)
Cs {487 -8 o’ + 687G - Ba) o’}

+ + + o+ o+

+ + +

+ +

A generic force component results from integrating the dis-

tribution F(n) along the line of reference as follows:

b
sz Fm)dn=[C, ki + Co-ks+ Cy-ka+ Cy-ky+ Cs-ks]-¢
0
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where the k; coefficients depend strictly on the kinematic state
of the aircraft and the air density, so that

ki=g-b + 38G-b> + 38°G-b°
Gab+ {3G8a + 38G-a}-b’
{3G-¥a + 180G a + 187-3a}-b°
{ 18%G 8% b’
G-a® b+ {G-da-a+ 383G -a%}-b?

+ +

189G -%%a + 18%G-da}-b* +
ks

(3¢ ®a)’ + 3¢-¥a-a + 385G o’
28g-da-a}-bh’ + {38G- %0«
’G-do-a} - b*

G- B’} b’
G-o’b+ {2§-da-a”

38G-a’} b+ {G-Ba) a + G0 o
38%G o’ + 8G-da-a®} - b?
{38G-8%a-0o® + 285 (da)*
38%G-do- 0’} b + {28%-§%a- o
38°G- )’ a} b’

G-o*b+ {2G-d0-0o” + 385 -0’} b?

218G (da)® + 33
{28°%G 8% a0 + 39

+ o+ o+ o+

ky

+ + + + +

ks

{2G-Ba) o> + 3§ -8 o’

38%Ga* + 38G-da-a’} b’

{8G-8%x-o + 328G (da)* o> + &G-S~ ’} - b*
(287G 8% -a® + 28°%G - (Ba)* -’} - b’

+ o+ o+ o+

The moment generated by this same force distribution is
simply

b
M:f Fm) mdn=I[Cy-hy + Cy-hy + Cs-hs
()

+ Cyhy + Cs-hs]-¢
where the h; are coefficients similar to k;
hy=3G-b>+ 38G-b> + 48%G-b*
ho=3G-a-b>+ {38G-a + 3G-8a} b’
318G o + 3G-8%a + 384-da}-b*
18G:8%a + 18°G -8} b’ + ¢8°%G 8- b°
ca® b+ {38G o+ 37-da-a}-b?

+
+
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G-do-a}-b* + {185 -(da)’

o + 28°G-da-a} b’
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G-o’b>+ (38§ -’ + §-da-a’) b’
=¥
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Note that k and h are kinematic factors dependent on the
dynamic pressure and angle-of-attack distribution along m, thus
they are known quantities for each measurement. They are
multiplied by cos’@ to account for sideslip according to the
cos’B law. It is important to note that the same coefficients C
appear in both force and moment equations. We proceed next
to develop these equations for each contributing surface point,
transform them to the common aircraft body - axis system, and
finally produce the force and moment equations for the entire
aircraft. Some simplifying assumptions are introduced, namely
that the airflow is steady and that the effects of the wing and
fuselage on the remaining surfaces are not directly accounted
for. The regression is expected to account for these effects
indirectly, thus introducing some approximation.

Development of the Model for Regression

Table 1 lists the surface elements (points) and the force com-
ponents to which they contribute. These force components
cause the corresponding moment components shown in the
third column.

We start with the axial and normal force coefficients C, and
Cy for the aerodynamic surface points and the engine thrust
model. The most general model consists of five parameters, as
in those used for the wing (Table 1). These parameters, to be
estimated in the regression process, are the coefficients in the
power series of the local angle of attack. To reduce the number
of unknown parameters, it is necessary to choose the minimum
number of parameters to adequately model any of the surface
points. For example, the aileron Cy has an assumed linear de-
pendence on angle of attack, because it is not exposed to the
wing/fuselage wake. This is unlike the vertical stabilizer, for
which a cubic relationship is assumed.

Wing:

=C, + Crra+ Cs0°+ Cyr0® + Cs-0*
Crny=Con + Coprr + Cosra® + Cror” + Cop-t”
Aileron:

Ca,=Cs+ Crra + Cs-”
Cy =Cxa

ail

Table 1 Force and moment components
due to surface points

Force Moment

Surface point component component
Right wing/left wing X N, M

Y L

V4 LM
Fuselage Y N
Horizontal stabilizer X N

V4 LM
Vertical stabilizer X —_

Y L, N
Thrust X —_

Y N
Elevator X —_

V4 M
Rudder X —_

Y L, N
Aileron X N

V4 L




250 CHO AND NAGATI

Horizontal stabilizer: Rolling moment L:

Ca,=Co+ Cipra + Cpyra® + Cppe ' , o
X Lw= | [Fy(n):-cos(in) — Fa(m)-sin(in)]-m dn + Fy, dzw
Cp, = Cx + Cypr + Cyr o + Cypr 0

= {[Cz%'hz% + C24'h24 + Cz%'hzs + Czﬁ'hzﬁ

Elevator:
+ Cyyhyj]cos(iy) — [Ci-hy + Cyohy + Csohy + Cuhy
= . o2
Cs,=Cis+ Ciyrat+ Cisra + Cs-hs]-sin(iy)} - éw-cos(I) + Fy, - dzy
CNclc =Csira Ly=L% — L%
Vertical stabilizer: Pitching moment M:
CAW =Ces+ Ciyra+ Cga®> + Cior® My = [Fy-cos(iv) — Fa-sin(iw)]-cos(I') - dxy — Fy, dzw
Cn,=Cy+ Cisraa + Cyo® + Cypr 0’ My =M% + M5,
Rudder: Yawing moment N:
b
— . L2
CAmd = Czo + C21 o + sz o Nuw = f [FA(T])'COS(iW) + FN(T])SIH(ZW)]T] dT]
Cde = C33 a o
=[Cy-h, + Cyhy + C5-hy + Cyhy
Fuselage:

+ Cs-hs]-cos(in)* Cw + [Cosrhos + Coshoy + Cos* hos
Cn,=Cs + Ciorax + Cyro® + Cypc® + Coe hoe + Coyrhyy]*sin(iy) - Cy
_ MR AL
Engine: Nw=Nw = Ny

R =0/ Aileron:
» = PrlPo Axial and normal forces:

P, = Po{R, — [(1 — R,)/7.55])
P, = P,,(u),,/u),mx)3
15 = U, Ry)
R, = Jos
eff = 4 eff, R,(1 — R) Fx,
Fy = Xpp = 550[eff- P)/U,]

Fi=[Cs ks + Cyky + Cgk§] Cat
Fy= [Cas Kl Can
x-direction force Fx:
= —F,-cos(iyy + da) — Fy-sin(iy, + 8a)
Fx,=FX, + FX,

y-direction force Fy:

In terms of the kinematic quantities k and h, the surface
point contributions are given next as axial and normal forces, Fy, = [Fn-cos(iw + 8a) — Fa-sin(iw + 8a)]-sin(I")
then resolved along the body (x, y, z) axes. Also, their moments F. = FF _ pL
about the same axes are computed. The transformations in- Yar = 7 Yai Yai
volve only the surface incidence angle i and anhedral angle I'
because, in this example, there are no sweep angles.

ng:. F, = [—Fy-cos(iy + 8a) + F4-sin(iw + 8a)]-cos(I")

Axial and normal forces: o
F, =F% + F%

ail ail ail

z-direction force Fy:

Foa=[Ci ki + Cyky+ Cs:ks + Cuoky + Cs ks Cw .
Rolling moment L:
Fy= [Cz%'kzz + C24'k24 + Czs'kzs + Czﬁ'kzﬁ + C27'k27]'CTW
L= {Cos-his-cos(iw + da) — [Ce-hé + Cy-h}

x-direction force F. + Cs-hg] - Cavsin(iw + 8a)} -cos(I) + Fy, - dza
Fx,= —Fa-cos(in) — Fy-sin(in) La=Li — L
Fy,=F%, + F%, Pitching moment M:

M = [Fy-cos(iy + da)
— Fu-sin(iw + 3a)]-cos(I) - dx.a — Fx,* dza
Mail = Mﬁl + M;l

y-direction force Fy:

Fy, = [Fn-cos(iw) — Fa-sin(iy)]-sin(I")

FYW = Fl;w - Fg;w
Yawing moment N:

z-direction force F
Nui = {[Co-hl + Coehy + Cg-hi]-cos(iy + da)

Fy, = —[Fy cos(iy) — Fu-sin(iy)]-cos(I') + Cag-hibg-sin(iy + 8a)} - Can

R L
Fz,=Fz,+ Fz, Na =N — Na
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Horizontal Stabilizer:
Axial and normal force:

Fa=1[Co ks + Ciorkio+ Cii-kyy + Cizrkin]  Cp
Fy= [C29'k29 + C30'k50 + C31'k31 + C32'k32]'5_'m
x-direction force Fy:
Fy, = —F4-cos(iy) — Fy:sin(i,)
Fx, =F%, + F,
z-direction force F
Fz, = —Fn-cos(in) + Fa-sin(in)
Fy,=F3, + FZ,
Pitching moment M:
M, = [Fy-cos(i,) — F,-sin(i,)]-dx, — FX,,,'dZm
Mht = Mfl + Mf;t

Elevator:
Axial and normal force:

Fu= [C13'k13 + C14'k14 + C15'k15] Cele
Fy=1[Cs- k33] * Cote

x-direction force Fy:

Fy = —F,-cos(i,, + 8e) — Fy-sin(i, + de)

cle

FXCIC = F§clc + Fiﬁclc
z-direction force F

F, = —Fy-cos(i,, + 8e) + F,-sin(i,, + &e)

ele

F

ele

=F; + F%

ele

Pitching moment M:

M = [Fn-cos(in + de) — Fa-sin(iy, + 8e)] - dxa. — Fx -+ dzZac

cle

MelezMeRleJ’_ Méie

Vertical Stabilizer:
x-direction force Fix:

Fx,= —[Cis-kis + Ci7-kiz + Cis-kis + Cio-kio] *Cue
y-direction force Fy:
Fy,= —[Cau ks + Csstkss + Cas-kze + Carvkag] - Cue
Rolling moment L:
Ly = —[Csy-hsy + Cis-hss + Cag hze + Csyohzg] - Cy
Yawing moment N:

Ny = [Csaksy + Css-kss + Cas ks + Cz7-ksq] - Co dx

Rudder:
Axial and normal force:

FA = [Czo'kzo + C21'k21 + sz'kzz]'c_'rud
Fy= [C3s'k3s]'5md

x-direction force Fx:

Fx

rud

= —F4-cos(—d8r) — Fy-sin(—dr)
y-direction force Fy:

F, = —Fy-cos(—=8r) + F,-sin(—2dr)

rud

Rolling moment L:

Lua= —Caghag* Crua- cos(—37) + [Cao°hxo

+ Coi hay + Cot hin]* Crua® sin(—r)
Yawing moment N:
Nua = [Fy:cos(—=0r) — Fu-sin(—08r)] - dxpa

Propeller:
x-direction force Fy:

FX=C43'Xp+ C44'X§, Y=C45'Xp, L=C46'Xp

Fuselage:
y-direction force Fy:

FY", = — [Csovkso + Cao kao + Car-kay + Cizkap] Cra

Finally, the total force and moment components for the
entire aircraft Fy, Fy, F, L, M, and N are obtained by summing
the surface point contribution.

Regression Process

The available measurements of Fy, Fy, F, L, M, and N each
correspond to measured values of linear and angular velocities.
These velocities are used to compute the kinematic factors k
and h, as shown earlier. Thus, each of the m measurements
constitutes six equations for the computation of these com-
ponents. These equations, assembled for the m measurements,
become

Fy ) K45 Fas
Fy Yo Yo oo Yas Vi
G
F, Z & Zys Zug
G
C
as
L bl e s Ay
co -C46_46x1
M moon e My My
N nom My Ny
LU T lema L 7 ! o . d6mx46
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The coefficients x, y, z, [, m, and n in the matrix result from
assembling the force and moment contributions of the various
points according to the preceding breakdown. They are the
result of the kinematic relations giving the local angles of at-
tack and sideslip and the dynamic pressure.

The error is the difference between the vector on the left-
hand side and the measurement vector z. The objective is to
find C, which will minimize the sum of the error squared. C
is obtained from

C=[H'H] 'Hz
where H is the 6m X 46 matrix of kinematic factors.

An effort was made to eliminate some of these coefficients,
which turned out to be insignificant. However, the focus of

(N} ! -+ Measured — Calculated l

40

204

204

-404

404

204

=204

404

-200 4

-400

-600

800 . . L s L
9 10 20 30 40 50

time (sec)

this paper is on the idea of using the same parameters for both
force and moment, and thus the coupling. The model shown
is the result of this limited effort.

Results and Discussion

The measurements are available for several spins performed
at the NASA Langley Research Center using a light single-
engine aircraft.’ The measurements used were made over a 45-
s duration at 0.1-s intervals.

The spins used in this study are labeled G and H in the
digital form of the data obtained from NASA Langley Re-
search Center. The regression was performed using the data
from both spins G and H. In each case, the coefficients thus
obtained were used, along with the control inputs’ time his-
tories and the kinematic quantities, to reconstruct the forces

oo [

Measured — Calculated

time (sec)

Fig. 1 Comparisons of measured and reconstructed time histories of forces and moments (reconstruction of spin G using result with spin G).

) B
40

Measured — Calculated ‘

204

-200

-400 4

-600

-300 L L n s L
1] 10 20 30 40 50

time (sec)

(N-m) 1
100

........ Measured ~ Calculated

50

-100 4

-200

50

r
L

-100

time (sec)

Fig. 2 Comparisons of measured and reconstructed time histories of forces and moments (reconstruction of spin H using result with spin G).
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normal coefficient

a)

b) angle of attack (deg)

Fig. 3 a) Normal force vs « for wing alone based on estimated pa-
rameters, and b) entire aircraft normal force from wind-tunnel tests.

=550, P=-2 50/sec, R=0.37°/sec t=.5sec
30 T T T T 30
20| 420
N) 40 i
4] . ‘ o]
-10 : . L + -10

«=43.3°, P=1030/sec, R=107¢/sec  {=25sec

204 420

N} 4o S e N E T
0 0

-10 : - : : 10

10 o=5 10 P=159°/sec, R=24.69/sec  t=33 sec

20+ 420
Ny 6] T T~ 1o
o 0
10 L - ! . 10
10 5 0 5 10
Left Wing Right Wing

Fig. 4 Normal force distributions on wing.

and moments for spins G and H. In addition, the model from
spin G was used to reconstruct the data from spin H. The
results of these cases are shown in Figs. 1 and 2. These are
time histories of the force and moment measurements along
with the reconstructed values from the regression. A reasonable
level of robustness is evident in the comparisons, despite the
remaining approximation in the model. For example, down-
wash, sidewash, and propeller wash were not accounted for.
The fuselage model is inadequate, and the contribution of the
horizontal stabilizer to the rolling moment is neglected. Ad-
ditionally, plots of the normal force coefficient of the wing vs
a were obtained (Fig. 3a). They are comparable in trend and
magnitude to the measurements for the entire aircraft as ob-
tained from static tests (Fig. 3b).” In Fig. 4, the normal force
distribution along the wingspan is plotted for three different
conditions to illustrate how the model responds to rotation
rates and angle of attack. It must be pointed out, however, that
the distribution was forced to be zero at the tips by applying

100

50 + ]f

ro -

" .. t

O e = L I B i e
1 4 7 140 M3 1619 22 26 28 31 34 37-40 43 45
50 Il J"l

-100

-150

Fig. 5 Parameter mean values and standard deviations.

a superelliptical scaling factor. At this time, there is no other
mechanism to achieve this aspect. More examples and more
complete treatment of this problem are documented in Ref. 8.
Finally, the parameter values and their variances are shown
graphically in Fig. 5. One should note that parameters appear-
ing to have very small values are not necessarily insignificant,
as they are likely multiplied by large kinematic quantities.

Conclusions

Current parameter estimation techniques for aerodynamic
forces and moments are based on estimating the forces and
their moments separately. While it is true that the moment
equations form an independent set from the force equations, it
must be kept in mind that it is the same pressure and shear
stress distributions that generate both the forces and their mo-
ments. Therefore, the same coefficients described in this paper
are estimated by using the force and moment equations si-
multaneously. This is made possible by the use of the multi-
point model and its application to the various aircraft surface
components. The preceding results indicate that this approach
is a viable alternative to current models used in parameter
estimation, when nonlinear flow conditions with large excur-
sions in the vehicle motion variables exist. It was shown that
estimation from one set of measurements successfully repro-
duced those from another flight.

Another advantage of this model is the separation of the
force distributions on the various surface elements, thus allow-
ing the analysis of their behavior. For example, the elevator
control power deficit during a high-angle-of-attack maneuver
can be assessed.

The approach presented in this paper has the potential to
produce a reliable and versatile model for aerodynamic per-
formance analysis for use in simulation and control design in
this nonlinear regime.
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